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1. INTRODUCTION

In the previous studies [1-5], [11], [12] the first order
lifts of the differential elements defined on a manifold
M to its tangent bundle TM in the differential geometry
have been obtained. Furthermore in the studies of [3]
and [5], the second order lifts of the differential
elements defined on a manifold M to its the second
order tangent bundle TTM have been calculated. the
structure of extended manifolds had been obtained.
Especially, in the studies of [7], the second order lifts
of the differential elements defined on a manifold M to

its the second canonical extended manifold 2M are
derived.

In 8§2 of this paper, we define the vertical and complete
lifts of higher order of functions defined on the vector
bundle n=(E,x,M) to its the extended vector bundles =

K=(Ke. 2K Kmy 2.

We study in more detail the vertical and complete lifts
of vector fields defined on the vector bundle = to its

the extended vector bundles nk by considering the lifts

of functions on the extended vector bundle rck in the

82.

In the 84, we calculate the vertical and complete lifts
of 1-forms defined on the vector bundle n to its the

extended vector bundles rck by considering the lifts of

k

vector fields on the extended vector bundle =" in the

82.

In the 84, we compare the vertical and complete lifts of
differential elements in the previous studies with the
vertical and complete lifts of differential elements in
this study. In this paper, all manifolds and mappings

are assumed to be differentiable of class COO, unless
otherwise stated and the sum is taken over repeated
indices.
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2. THE LIFTS OF FUNCTIONS

Let f :E — R be a function defined on the vector
bundle © = (E,=,M). if we define the vertical lift of a
function f defined on the vector bundle = to its the

extended vector bundle nk: (kE,nk,kM) using the
induction method for integer number Kk, then:

DEFINITION 2.1. Let f :E — R be a function defined
on the vector bundle = then it is called the vertical lift

of order k of f to the extended vector bundle Tnk'l

k
which a function fV defined on the vector bundle Tn
K-1 defined with below the equation
vk
f' =fo g 0Tl 0... 0 Tk-1F - (2.1)
k-1
For all the tangent vector HeT(" "E) and Wetlg - T

k-1g(H) = e E;

vk
¥ (H) = f(:0g 0 t1¢ 0 ... 0 tk-1(H)) = f(e).

k
DEFINITION 2.2. Let fV be vertical lift of f to TnK"
k-1 ang kE is
the subset of T(k'lE), therefore if we restrict the
k

1. Then Ttk is the subvector bundle of Tn

i vk vk i
vertical lift f to "E, then the function f |kE is

defined on the extended vector bundle nk and it is
called the vertical lift of order k of f to the extended

k

vector bundle =™ which it is a function defined on the

vector bundle TnK"1 defined with below the equation

vk
™ ke = flrog(rig. ketg ki) 0 Ol wig g, o
k_lE(kE)) 0...0 Tk'lE | kE (2.2)
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k K
with £V \kE. In

k

For shortness, we denote fI:/

that case; for all tangent vector He EcT(k'lE) and

0Tl - ‘tk-]_E(H) = eeOE;

k
\Y
fk

f(e).

k
(H) _— (H) = f(rOE 07Tl 0.0 Tk-lE(H)) =

PROPOSITION 2.1. For all the functions f,geSoo(n)
and integer numbers 0<r<k;

. vl vt
|)(f+g)r :fr +gr
N VARAVARRAVAl
||)(f.g)r :fr .gr

Furthermore; using by the induction method, we define
the complete lift of order k defined on its the extended

vector bundle Tck. Let f be a function defined on the
vector bundle . Then the differential of f is defined by

of
df = ——— dx

iy o, 0c
X!

(2.3)
au0a

with respect to the adapted coordinates (xO',uoa) in E.

Thus if we define the linear map
1y 5100 = 3°(mn%

with respect to Sp{dx®! du%% : 1<i<m, 1<o<n } = 310(
20 with 1y (dx% = xO | 1 (@u®% = ¢ 0

DEFINITION 2.3. Let f :E — R be a function defined
on the vector bundle = and the differential df of f be in

form (2.3). Thus we write € for the function in the
vector bundle T defined by

€= y(df) (2.4)

and call fC the complete lift of function f in = to

the complete lift fC to the extended manifold 1E; then
we have

Ci. _«| _ v 1i v 1
2 l1p = [1p = @oif )" [1p X"+ @oof) " [1g
1 1

Vi Vo1
%= (@oif); X +(dgaf); u*.

(2.6)
fC | 1g is called the complete lift of function fin = to

the extended vector bundle nl.

In addition to for all tangent vector ZelE:TE and

oE(Z)=eeoE;

1 . 1
@ = @oit);, @@+ (@ot)) (@ u'

@).
= (00i)(®) ZIx"'"] + (dgof )(e) Z[u?™.

1
C
f1

Thus we define the complete lift of order k of f in = to
the vector bundle 7% Let f:*TE >R be a

function defined on the vector bundle nk'l. Then the
differential of f is defined by

of of

o qu"®
i 8um

df = dx'T + @2.7)

with respect to the adapted coordinates (x”,ura) 0<r<
k-1in K1g.
If we define the linear map

s 3100 5 30T

with respect to Sp{dxri,dum : Osrsk-l}:slo(Tnk_l

with

g@xMy = X @ = 0" o<rek-1

)

DEFINITION 2.4. Let f be a function defined on the
vector bundle 71 and the differential d f of f be in
form (2.7). Thus we write f_C for the function in the
vector bundle TxKL defined by

fC= y(df) @8

vector bundle T0. The complete lift fC has the local
expression — —

P and call fC the complete lift of function f in n to
C V . 0i vV 0 -
£~ = 19(df) = (@if )" X +(9pef)” U™ (2.5) vector bundle TrK"L. The complete lift fC has the

_ _ local expression
with respect to adapted coordinates (x*',u%% x 9 4 0% §C - w(df)y=@f )V x4 (@ T WV ou2.9)
of
in Tr, where dgjf and dg,f denotes — and ; o pie
! ¢ aXO' au0(x with respect to the adapted coordinates (x”,um‘,xr',ur

respectively. Therefore nl equal to Twm; if we restrict O‘) 0<r<k-1in Trck'l.
Copyright to IJARCCE DOI 10.17148/IJARCCE.2016.512100 437
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Let f be a function defined on the vector bundle = and

k-1
the complete lift of order k-1 ka—l of f to the

k-1

extended vector bundle = Then, therefore the

complete lift of order k-1 fkc_1 of fis defined on =

_ ck-1
, if we take f equal to f 7,

(2.9) then we obtain

k-1 and we write in

k-1 k-1 k-1 . -
(S, 0= wdfS, =@ fS; )V xT+

Ck_l V .

ro
ra fg )T U

(2.10)

k k-1 k

Therefore, © is subvector bundle of Tx and "E is

submanifold of T(k'lE); we restrict the complete lift (

to the total space kE of Tnk'l and we
consider the adapted coordinates (X" U "= u™) for
0<r<k-2 on the extended manifold I(E from the defining

condition of I(E, then, we get

Ck
k

k-1 k-1 :
( fkc_l )C | kE — f — (6” ka_l )V | kE Xl’+ll + (

Vv r+1
Org fig )Y Tkgu %

(2.11)

k

For all tangent vector He EcT(k'lE) and

1£(H)=G<"E;

k-

r+1

Ck Ck—l
f.7 (H) = @i fily Dk-1g(H)) X 77(H) + (g

K
£, ' )(k-1(H)) U T (H)

k-1 . k
= @ri £ )G HIX + (o £

-1
)(H) H[u"7 .
DEFINITION 2.5. Let f be a function defined on the

vector bundle n. Then it is called the complete lift of
k
order k fkC of the function f in = to the extended

vector bundle 7¥ that it is defined with equation (2.11).

The complete-vertical lift of order (r,s) of a function f
defined on the vector bundle = to its the extended

vector bundle nk can be defined.

For the integer numbers 0<r<k and O<s<k-r , we
r

suppose that frC is the complete lift of order r of the

function f in & to its the extended vector bundle nk. In

that case, we write

Copyright to IJARCCE
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crvs .c'vs .c'vs
(ff )s Thris =Tk
k-lE(kE)) o] TI’E | Tr+1E(Tr+2E"'Tk_1E(kE)) 0...
- 0tk-1g [kg (2.12)

CI’
= fr | wg(tr+lg..T

DEFINITION 2.6. Let f be a function defined on the
vector bundle m. Then it is called the complete-
f\,S

vertical lift of order (r,s) ka of the function f in

7 to its the extended vector bundle Tck that it is defined
with equation (2.12).

For all tangent vector He k

ECT(k_lE) and e+l
k-1g(H) = BE'E;

r,s r r
£EY ()= £ GrgmrepakeigH) = 1€ @)

REMARK 2.1. The complete-vertical lift of order (r,s)

of a function defined on the vector bundle = to nk is
equal to vertical-complete lift of order (s,r) of a

function defined on the vector bundle & to nk'l. That

. Cv?® vsc’
|sfk fk .

PROPOSITION 2.2. For all the functions f,geSOO(H )
and integer numbers 0<r<k;

. c" _.c" «cf
) (f+g9),  =f " +g,

c’ r r cryi iy r-i
i) (f.9), =D () fr gr

i=0
c’ c’
i) ( ch _ A ( of )Cr - o
aXOI r 8XOI aUOOL r au00(
c’ c’
vy (- )Vr-afr (A )Vr-afr
8X0i r = aXri ' auOOL r = ou'
Ck
of Ck—rVr ~ afk of Ck—rvr _
Mok T ok F
OX OX ou
Ck
of
8ur0(

3. THE LIFTS OF VECTOR FIELDS

Let X be a vector field defined on the vector bundle O
and local expression of X
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0i O
T

Oa

aan

X =X + X (3.1)

Thus if we define the vertical lift of a vector field X

defined on the vector bundle = to its the extended

vector bundle nk = (kE,nk,kM) using the induction

method for integer number k, then:

DEFINITION 3.1. Let X be a vector field defined on
the vector bundle 1. In that case; the vertical lift of
order k of X to the extended vector bundle nk is a

vector field defined on =¥ which it is defined with the

below equation
vk ck VAR )
Xk (fk )= (X[f])k ; vfe3g (1) .(3.2)
Now we give the below theorem connected with the
components of the vertical lift of order k of X.

PROPOSITION 3.1. Let X be a vector field defined

on the vector bundle O with form (3.1). In that case;
k

the local expression of the vertical lift X\I: of order k
of X to the extended vector bundle nk is
k vk k 9
X = (X)) o+ (X% —
OX ou

PROOF: Let X be a vector field defined on the vector
bundle (1 with form (3.1).and f be a function defined
on the vector bundle = Then by considering

for all the function f. Thus if we equalise the equation
(3.3) with the equation (3.5) by considering the
equation (3.2) then we obtaine the below equations

k

xT=0, X"®=0,0cr<k-1 , XK = (xo')\li , xka
k
_ 00,V
= (X%,
v K
Finally, the local expression of the vertical lift Xk of order

k of X to the extended vector bundle nk is

k vk k

X =X o+ (X% —
OX ou

Furthermore, we define the complete lift of order k of a

vector field X defined on the vector bundle = to its the

extended vector bundle nk = (kE,nk,kM) by using the
induction method for integer number Kk, then:

0

DEFINITION 3.2. Let X be a vector field defined on
the vector bundle (7. In that case;the complete lift of
order k of X to the extended vector bundle nk is a
vector field defined on rck which it is defined with the
below equation

ck k k

C C ~ 0
Xk (fk )= (X[f])k ; vfe3g (1) .(3.6)
Now we give the below theorem connected with the
components of the complete lift of order k of X.

PROPOSITION 3.2. Let X be a vector field defined

on the vector bundle [ with form (3.1). In that case;
k

Proposition 2.1. and 2.2. we write the local expression of the complete lift XE of order
vk oi Of oa OF vk 0iv¥ Kof X to the extended vector bundle Kis
Xy =X = + X0 ——} = (X,
0 (0] Oa k k
X ou C
k k X, = Z {
C C k
of k of r=0
kki + (Xoa)\li kk(x (3.3) K oicfvk T & K oa CcivkT o
ox au O L 2 A
k
If the local expression of the vertical lift X\I: of k of PROOF: Let X be a vector field defined on the vector
< is bundle [1 with form (3.1).and f be a function defined
on the vector bundle = Then by considering
K Proposition 2.2. we write
Koyt O yra O g,
k — 5 ri o™ (3.4) ck oi of 0a Of .ck
X
X =X~ + X ==} B)
: OX ou
with respect to adapted coordinates { x" 0<r<k } K o ck o ck
f ry, k=r ry, k=r
in KE. Then we write = Z(I:)(XO')EV kri +(I:)(XOQ)EV kr
k k r=0 oX ou'®
C C
vk ko Oy ro. I ct
Xk [fk 1=X o + X e (3.5) If the local expression of the complete lift Xk of k of
ox ou' X is
Copyright to IJARCCE DOI 10.17148/IJARCCE.2016.512100 439
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— + X" —— (38
ou'®

with respect to adapted coordinates { xr', U 0<r<k }

in kE. Then we write

C k

z r| -

= OX

c
o B9

k

+ chx

ou

for all the function f. Thus if we equalise the equation
(3.7) with the equation (3.9) by considering the
equation (3.6) then we obtaine the below equations

X< (5) oV i< () oV

O<r<k.
ck
Finally, the local expression of the complete lift Xk

of order k of X to the extended vector bundle rck is
k
= Z {
r=0

- 0 k c'v 0
ﬁJr(r)(Xoa)k

ro

1.

) xHe

ou

In addition to the complete-vertical lift of order (r,s) of
a vector field X defined on the vector bundle [0 to its

the extended vector bundle Hk can be defined for the
integer numbers 0<r<k and 0<s<k-r.

DEFINITION 3.3. Let X be a vector field defined on
the vector bundle [J. In that case; the complete-
vertical lift of order (r,s) of X to the extended vector

bundle nk is a vector field defined on nk which it is
defined with the below equation

c'vs C c'v? ~ 0
X o (o )=XM, 5 vfeIg (1) .(3.10)
Now we give the below theorem connected with the
components of the complete-vertical lift of order (r,s)
of X.

PROPOSITION 3.3. Let X be a vector field defined
on the vector bundle [ with form (3.1). In that case;

c'vs

the local expression of the complete lift Xk of

order (r s) of X to the extended vector bundle rck is

0i Ct SV s+k—t 0
Z]«kow —
OX
Ct SV s+k—t a
(kt) (<0 }.
autoc
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PROOF: Let X be a vector field defined on the vector
bundle O with form (3.1).and f be a function defined
on the vector bundle = Then by considering
Proposition 2.2. we write

oanSY = o0 L x

6XOi

r
k - k

C
r 0i Cty SH 8fk r 0oL Gty S+ 8f
(H(xMS i OO auk-w}

0o Of .c'v®
= {X —oo e G1D

ou

If the local expression of the complete-vertical lift X

c'v?®

K of k of X is
r,s . a

xf Voo — X —

X ou®

(3.12)

with respect to adapted coordinates { x“, u'®: 0<r<k }

in kE. Then we write

Ck
to afk

ou ta

k k - of
rVS[f(k: ]:Z {th k. + X
t=0 6th
}(3.13)

for all the function f. Thus if we equalise the equation
(3.11) with the equation (3.13) by considering the
equation (3.10) then we obtaine the below equations

Ct sVs+k —t r
= (k—t) (XO' = (g) X2

Ct SV s+k—t

K O<t<k

where because ({) = 0 for t>r integer numbers X' = 0

x'® = 0. Finally, the local expression of the
rNy,S

complete-vertical lift Xk of order (r,s) of X to the

extended vector bundle nk is

k . ~t=s,, s+k-t
civ 0
= Z {(k-t) (XOI)k ﬁ
Ct SV s+k—t 0
(k—t) (<°%), }.
autoc

PROPOSITION 3.4. For all vector fields X,Ye3
Ol(ﬂ) and all function fesoo(n)

k k k
) (X+ V)Y =x] +Y)
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k k k

i) (x+ )¢ =x 4 vE
k k k
i) (X)) =f, X,
k k K=r ~r k=ry,r
. c ky VETCT Ry
V) ) =20 T Xy
r=0

r
c'vs rv .V s+hCr—h ChV k—h
v = ) Ty Xy
h=0

r,s<k (r+s=Kk).

0<

4, THE LIFTS OF 1-FORMS
Let o be a 1-form defined on the vector bundle = and

o = wpj &' + og 4 dx’? (4.1)

be local expression of .

Thus if we define the vertical lift of a 1-form o defined
on the vector bundle = to its the extended vector

bundle nk = (kE,nk,kM) using the induction method for

integer number k, then:

DEFINITION 4.1. Let » be a 1-form defined on the

vector bundle =. In that case; the vertical lift of order

k

k of o to the extended vector bundle =" is a 1-form

defined on nk which it is defined with the below

equation

k
Vv C
o (Xk

k YA 1
)= (X)) VXeJpT(n)(4.2)
Now we give the below theorem connected with the

components of the vertical lift of order k of .

PROPOSITION 4.1. Let o be a 1-form defined on the

vector bundle & with form (4.1). In that case; the local
k

expression of the vertical lift (”\I: of order kof o

to the extended vector bundle rck is

k k . k
v© o V©® o0 \Y O
®, = (mgj) K dx~ + (o)oa)k dx— .
PROOF: Let o be a 1-form defined on the vector
bundle = with form (4.1).and X be a vector field

defined on the vector bundle n. Then by considering
Proposition 2.1. we write

k . k
), = {0 X* + g X27Y, = (opi)y

.y k
oy

k

k k
ooy 09, (43
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k

If the local expression of the vertical lift m\I: of k of

o iS
k

oa\li = Orj dx" + wradxra (4.4)

with respect to adapted coordinates { x”, T 0<r<k }
k

in "E. Then we write
vk ek Ky, 0iCTVET Ky Oa
o (X )= o (r) (X )k torg (r) (X
CrVk—r
) (4.5)

for all the vector field X. Thus if we equalise the

equation (4.3) with the equation (4.5) by considering

the equation (4.2) then we obtaine the below equations
v v K

oQj = (@0j), » ©0g=(®pg), -+ @ri=0 , ory
=0 1<r<k

v
Finally, the local expression of the vertical lift o) of order

k of o to the extended vector bundle nk is

k K A k
VA V"o 0i \ Oa
o, = (coOi)k dx” + (030a)|( dx= .
Furthermore, we define the complete lift of order k of a
1-form o defined on the vector bundle = to its the

extended vector bundle nk = (kE,nk,kM) by using the
induction method for integer number k, then:

DEFINITION 4.2. Let o be a 1-form defined on the

vector bundle m. In that case; the complete lift of

k

order k of w to the extended vector bundle =" is a 1-

form defined on Trk which it is defined with the below

equation

k k k
C C C ~ 1
o (Xk )= (@(X))k ; VXe3g (n) (4.6)
Now we give the below theorem connected with the

components of the complete lift of order k of .

PROPOSITION 4.2. Let » be a 1-form defined on the

vector bundle = with form (4.1). In that case; the local
k

expression of the complete lift (n(k: of orderk of w to

the extended vector bundle nk is
k
k r~k—
o V' C
of = {(og)y
r=0

ay.

r Ver—r

dx" + (09 dx"
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PROOF: Let o be a 1-form defined on the vector
bundle = with form (4.1).and X be a vector field
defined on the vector bundle =. Then by considering
Proposition 2.2. we write

k . k . k
C C C
@) ={ogi XV + wge X243, = {ogi X0},
k
C
+{og XP%) (47)
k
= Z {
XY () T ()XY (g )V SR

k

If the local expression of the complete lift m(k: of k of
o is
ck ri r
®, T orpdx + opydx « (4.8)
with respect to adapted coordinates { x ' T 0<r<k }
in kE. Then we write
k
k k
C c, _
of Xg )= 1
r=0
Ky 0inCIVKET 0o C'V KT
XY 0+ (XY 0 }49)

for all the vector field X. Thus if we equalise the
equation (4.7) with the equation (4.9) by considering
the equation (4.6) then we obtain the below equations

VCkr VCkr

i = (00i) : = (@00)y o<r<k .

k
Finally, the local expression of the complete lift (”(k:

of o to the extended vector bundle rrk is

k r
Z Llog)! vret”
k

dx" +( 0 dx

a} .
In addition to the complete-vertical lift of order (r,s) of
a 1-form o defined on the vector bundle = to its the

extended vector bundle nk can be defined for the
integer numbers 0<r<k and 0<s<k-r.

DEFINITION 4.3. Let o be a 1-form defined on the
vector bundle =. In that case; the complete-vertical
lift of order (r,s) of o to the extended vector bundle =

Kis a 1-form defined on =¥ which it is defined with the
below equation

Copyright to IJARCCE
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c'vs ck crve 1
o (Xk )= (co(X))k ;VXe3Jg™(m)(4.10)
Now we give the below theorem connected with the
components of the complete-vertical lift of order (r,s)
of w.

PROPOSITION 4.3. Let o be a 1-form defined on the
vector bundle = with form (4.1). In that case; the local
N,S

expression of the lift ® of ® to the extended

vector bundle Trk is

s k r S+t ~T—t
=Z{(i) T i D)
t=0  (t) )

+t ATt
a)\(s c dura}-

PROOF: Let o be a 1-form defined on the vector
bundle = with form (4.1).and ® be a vector field
defined on the vector bundle n. Then by considering
Proposition 2.2. we write

c'vs cVs <
(©00) * =L opi X2+ ag X2}, Z
Moo V™ (XY 4 () V" (><°°‘)X cf
} (4.11)

If the local expression of the complete-vertical lift ®
ry,sS
E v of k of w is
k

o =ord o, (412)

with respect to adapted coordinates { x e O<r<k }

in I(E. Then we write

K,y 0iClVKT Ky, OayClV KT

O o +(OXT)T o }4.13)
for all the vector field X. Thus if we equalise the
equation (4.11) with the equation (4.13) by considering
the equation (4.10) then we obtaine the below

equations

r r
(t) veiet (t)
ot = E (00i) s org = (0rg)
t t
S+t ~r-t
VO ostk
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where because ({) = 0 for t>r integer numbers o =

0 , oty = 0. Finally, the local expression of the

N,s

complete-vertical lift mE of order (r,s) of o to the

extended vector bundle nk is

k r r
CrV S V 5+tcr—t .
t=0 (t) (t)
S+t ~Ar—t
a)\li C O autey

PROPOSITION 4.4. For all 1-forms ,0e31°(n)
and all function feSoo(n)

) @ro) zol vl
) @+ 0 =0 +oC
ii) (f(o)\lik :f\lfk m\lik
iv) (fm)fk{kj('r‘) et etV
r=0
PR AN o SRR
h=0

r,s<k (r+s=k) .
4. CONCLUSION

This study is the generalising study of the complete-
vertical lift of the differential elements defined on the
extended vector bundles. In addition to the previous
studies connected with the vertical and complete lift of
differential elements are special cases of this study.
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